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Abstract
A Hopf Galois structure on a finite field extension L/K is a pair (H,µ), where
H is a finite cocommutative K-Hopf algebra and µ a Hopf action. In this paper
we present a program written in the computational algebra system Magma which
gives all Hopf Galois structures on separable field extensions of degree up to eleven
and several properties of those. Besides, we exhibit several results on Hopf Galois
structures inspired by the program output. We prove that if (H,µ) is an almost
classically Hopf Galois structure, then it is the unique Hopf Galois structure with
underlying Hopf algebra H, up to isomorphism. For p an odd prime, we prove
that a separable extension of degree p2 may have only one type of Hopf Galois
structure and determine those of cyclic type; we determine as well the Hopf Galois
structures on separable extensions of degree 2p. We highlight the richness of the
results obtained for extensions of degree 8 by computing an explicit example and
presenting some tables which summarizes these results.
Keywords: Galois theory, Hopf algebra, computational algebra system Magma.
1 Introduction
A Hopf Galois structure on a finite extension of fields L/K is a pair (H, µ), where H is
a finite cocommutative K-Hopf algebra and µ is a Hopf action of H on L, i.e a K-linear
map µ : H → EndK(L) giving L a left H-module algebra structure and inducing a K-
vector space isomorphism L⊗K H → EndK(L). Hopf Galois structures were introduced
by Chase and Sweedler in [4]. For separable field extensions, Greither and Pareigis [13]
give the following group-theoretic equivalent condition to the existence of a Hopf Galois
structure.
Theorem 1. Let L/K be a separable field extension of degree g, L˜ its Galois closure,
G = Gal(L˜/K), G′ = Gal(L˜/L). Then there is a bijective correspondence between the set
of Hopf Galois structures on L/K and the set of regular subgroups N of the symmetric
group Sg normalized by λ(G), where λ : G →֒ Sg is the monomorphism given by the
action of G on the left cosets G/G′.
For a given Hopf Galois structure on a separable field extension L/K of degree g,
we will refer to the isomorphism class of the corresponding group N as the type of the
Hopf Galois structure. The Hopf algebra H corresponding to a regular subgroup N of
Sg normalized by λ(G) is the sub-K-Hopf algebra L˜[N ]
G of the group algebra L˜[N ] fixed
under the action of G, where G acts on L˜ byK-automorphisms and on N by conjugation
through λ. The Hopf action is induced by n 7→ n−1(1), for n ∈ N , where we identify
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Sg with the group of permutations of G/G
′ and 1 denotes the class of 1G in G/G
′. It
is known that the sub-Hopf algebras of L˜[N ]G are in 1-to-1 correspondence with the
subgroups of N stable under the action of G (see e.g. [10] Proposition 2.2) and that,
given two regular subgroups N1, N2 of Sg normalized by λ(G), the Hopf algebras L˜[N1]
G
and L˜[N2]
G are isomorphic if and only if the groups N1 and N2 are G-isomorphic.
Childs [5] gives an equivalent condition to the existence of a Hopf Galois structure
introducing the holomorph of the regular subgroup N of Sg. We state the more precise
formulation of this result due to Byott [2] (see also [6] Theorem 7.3).
Theorem 2. Let G be a finite group, G′ ⊂ G a subgroup and λ : G → Sym(G/G′) the
morphism given by the action of G on the left cosets G/G′. Let N be a group of order
[G : G′] with identity element eN . Then there is a bijection between
N = {α : N →֒ Sym(G/G′) such that α(N) is regular}
and
G = {β : G →֒ Sym(N) such that β(G′) is the stabilizer of eN}
Under this bijection, if α ∈ N corresponds to β ∈ G, then α(N) is normalized by λ(G)
if and only if β(G) is contained in the holomorph Hol(N) of N .
As a corollary to the preceding theorem Byott [2], Proposition 1, obtains the following
formula to count Hopf Galois structures.
Corollary 3. Let L/K be a separable field extension of degree g, L˜ its Galois closure,
G = Gal(L˜/K), G′ = Gal(L˜/L). Let N be an abstract group of order g and let Hol(N)
denote the holomorph of N . The number a(N,L/K) of Hopf Galois structures of type
N on L/K is given by the following formula
a(N,L/K) =
|Aut(G,G′)|
|Aut(N)|
b(N,G,G′)
where Aut(G,G′) denotes the group of automorphisms of G taking G′ to G′, Aut(N)
denotes the group of automorphisms of N and b(N,G,G′) denotes the number of sub-
groups G∗ of Hol(N) such that there is an isomorphism from G to G∗ taking G′ to the
stabilizer in G∗ of 1N .
In Hopf Galois theory one has the following Galois correspondence theorem.
Theorem 4 ([4] Theorem 7.6). Let (H, µ) be a Hopf Galois structure on the field ex-
tension L/K. For a sub-K-Hopf algebra H ′ of H we define
LH
′
= {x ∈ L | µ(h)(x) = ε(h) · x for all h ∈ H ′},
where ε is the counit of H. Then, LH
′
is a subfield of L, containing K, and
FH : {H ′ ⊆ H sub-Hopf algebra} −→ {Fields E | K ⊆ E ⊆ L}
H ′ → LH
′
is injective and inclusion reversing.
In [13] a class of Hopf Galois structures is identified for which the Galois correspon-
dence is bijective. We shall say that a Hopf Galois structure (H, µ) on L/K is an almost
classically Galois structure if the corresponding regular subgroup N of Sg normalized
by λ(G) has the property that its centralizer ZSg(N) in Sg is contained in λ(G).
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Theorem 5 ([13] 5.2). If (H, µ) is an almost classically Galois Hopf Galois structure
on L/K, then the map FH from the set of sub-K-Hopf algebras of H into the set of
subfields of L containing K is bijective.
In [9] the Hopf Galois character of separable field extensions of degree up to 7 and
of some subextensions of its normal closure has been determined. In [10] Theorem 3.4,
a family of extensions is given with no almost classically Galois structure but with a
Hopf Galois structure for which the Galois correspondence is bijective. In [11] a degree 8
non-normal separable extension having two non-isomorphic Hopf Galois structures with
isomorphic underlying Hopf algebras is presented.
In this paper we present a program written in the computational algebra system
Magma which determines all Hopf Galois structures of a separable field extension of a
given degree g and their corresponding type. It is effective up to degree 11 and uses
the Magma database of transitive groups which derives from the classification given in
[1]. Moreover our program distinguishes almost classically Galois structures and decides
for the remaining ones if the Galois correspondence is bijective. Finally it classifies the
Hopf Galois structures in Hopf algebra isomorphism classes. In the case of prime degree,
we obtain the results already found in [5] theorem 2 and [16] theorem 5.2, namely that
if L/K is a separable field extension of prime degree and L˜ its Galois closure, then
L/K has a Hopf Galois structure if and only if Gal(L˜/K) is solvable and, in this case,
the Hopf Galois structure is unique. We note that the case of degree 8 is especially
interesting since there are 5 groups of order 8, up to isomorphism. We detail the results
obtained in this case in Tables 1, 2 and 3. By performing an analysis of the outputs of
our program, we have deduced several general behaviours. In Section 3 we prove that an
almost classically Hopf Galois structure stands alone in its Hopf algebra isomorphism
class. In Section 4 we prove that a separable field extension of degree p2, for p an odd
prime, has at most one type of Hopf Galois structure and describe the ones of cyclic
type. In Section 5 we determine the Hopf Galois structures on separable field extensions
of degree 2p, for p an odd prime.
2 Description of the computation procedure
Given a separable field extension L/K of degree g, L˜ its Galois closure, G = Gal(L˜/K),
G′ = Gal(L˜/L), the action of G on the left cosets G/G′ is transitive, hence the morphism
λ : G → Sg identifies G with a transitive subgroup of Sg, which is determined up
to conjugacy. Moreover, if we enumerate the left cosets G/G′ starting with the one
containing 1G, λ(G
′) is equal to the stabilizer of 1 in G. Therefore considering all
separable field extensions L/K of degree g is equivalent to considering all transitive
groups G of degree g, up to conjugation. The structure of the computation procedure
is as follows:
Step 1 Given a transitive group G of degree g and a type of regular subgroups N of Sg,
run over the conjugacy class of N in Sg and determine whether N is normalized
byG. In the affirmative case, check if the centralizer Z(N) ofN in Sg is contained
in G. If it is so, the Hopf Galois structure determined by N is almost classically
Galois.
Step 2 For each transitive group G of degree g and G′ = StabG(1), determine the num-
ber intfields(G) of subgroups of G containing G′, that is, by the fundamental
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theorem of classical Galois theory, the number of intermediate fields of the ex-
tension L/K.
Step 3 For each pair (G,N) determined in Step 1, determine the number subGst(N)
of G-stable subgroups of N , i.e. subgroups of N normalized by G, that is,
the cardinality of the image of the map FH in Theorem 4 for the Hopf Galois
structure given by N . Check if this number equals intfields(G), that is if the
Galois correspondence is bijective.
Step 4 For each pair (G,N1), (G,N2), with N1 ≃ N2 and subGst(N1) = subGst(N2),
check if N1 and N2 are G-isomorphic, that is if the corresponding Hopf alge-
bras are isomorphic. To this end, we use that for a regular subgroup N of the
symmetric group Sg, the automorphism group Aut(N) of N is isomorphic to the
stabilizer of 1 in the holomorph Hol(N) of N and that Hol(N) is the normalizer
of N in Sg. We obtain the set of all isomorphisms by composing the isomorphism
from N1 to N2 given by Magma with each automorphism of N2. We run over this
set of isomorphisms and check for each element whether it is a G-isomorphism
until the answer is affirmative or the set is exhausted.
We note that in Step 1 we compute the transversal of the normalizer of N in Sg
and the conjugate of N by each element in this transversal. This computation occurs
to need a significantly shorter execution time than the use of the Magma function Class
from degree 9 onwards. The program returns all regular subgroups N of Sg giving a
Hopf Galois structure, hence determines explicitly all of them. In the vector which
collects such N ’s we have added a numbering variable in order to identify each of them
with an integer number. This numeration is respected all along the program so that,
once the N ’s have been computed in Step 1, we can easily know the properties of the
corresponding Hopf Galois structures by searching the assigned number. This greatly
simplifies the reading and interpretation of the results. The Magma code of this program
may be found in [12].
3 Almost classically Galois Hopf Galois structures
By looking at the distribution in Hopf algebra isomorphism classes of the Hopf Galois
structures of a given separable extension provided by our program we have deduced the
following result.
Proposition 6. Let L/K be a separable field extension of degree g. Let (H, µ) be an
almost classically Galois structure on L/K and (H′, µ′) a Hopf Galois structure on L/K.
If the Hopf algebras H and H′ are K-isomorphic, then the Hopf Galois structures (H, µ)
and (H′, µ′) are isomorphic. Hence an almost classically Galois structure stands alone
in its Hopf algebra isomorphism class.
Proof. Let L˜ be a Galois closure of L/K, G = Gal(L˜/K), G′ = Gal(L˜/L), let λ : G→ Sg
be the monomorphism from G into the symmetric group Sg given by the action of G
on the left cosets G/G′. By Theorem 1 and [13] Proposition 4.1, (H, µ) corresponds
to a regular subgroup N of Sg, normalized by λ(G) and such that the centralizer Z of
N in Sg is contained in λ(G) and (H
′, µ′) corresponds to a regular subgroup N ′ of Sg,
normalized by λ(G). We know also that an isomorphism from H to H′ corresponds to
a λ(G)-isomorphism from N to N ′. If f is such an isomorphism, we have σf(n)σ−1 =
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f(σnσ−1), for all σ ∈ λ(G) and n ∈ N . Now, since Z ⊂ λ(G), we have, for all
z ∈ Z, n ∈ N , zf(n)z−1 = f(znz−1) = f(n). This implies that N ′ = f(N) is contained
in the centralizer of Z in Sg. Since N is regular, this centralizer coincides with N . We
have then N ′ = N and, again by Theorem 1, this implies that the Hopf Galois structures
(H, µ) and (H′, µ′) are isomorphic. ✷
4 Extensions of degree p2, for p an odd prime
For p prime, there are exactly two groups of order p2, up to isomorphism, the cyclic
one Cp2 and the direct product of two copies of Cp, hence two possible types for a Hopf
Galois structure of a field extension of degree p2. We shall prove that the two types do
not occur simultaneously, when p 6= 2. This fact was suggested to us by the program
output for degree 9 extensions. The case p = 2 goes differently. Both Galois extensions
of degree 4 and separable extensions of degree 4 whose Galois closure has Galois group
the dihedral group D2·4 have Hopf Galois structures of cyclic type and of type C2 ×C2.
If we write Cp2 additively as Z/p
2Z, its holomorph is Z/p2Z ⋊ (Z/p2Z)∗. For Cp × Cp
the automorphism group is isomorphic to GL(2,Fp).
Proposition 7. Let L/K be a separable field extension of degree p2, p an odd prime,
L˜/K its normal closure and G ≃ Gal(L˜/K). If L/K has a Hopf Galois structure of type
Cp2, then it has no structure of type Cp × Cp. Therefore a separable field extension of
degree p2, p an odd prime, has at most one type of Hopf Galois structures either cyclic
or elementary abelian.
Proof. By theorem 2, if L/K has a Hopf Galois structure of type Cp2, then G is a
transitive subgroup of Hol(Cp2). We shall see that all transitive subgroups of Hol(Cp2)
contain an element of order p2. Let us write Hol(Cp2) as Z/p
2Z ⋊ (Z/p2Z)∗ and let σ
be a generator of (Z/p2Z)∗. The immersion of Hol(Cp2) in the symmetric group Sp2 is
given by sending the generator 1 of Z/p2Z to the p2-cycle (1, 2, . . . , p2) and σ to itself,
considered as a permutation. The stabilizer of 0 in the image H of Hol(Cp2) in Sp2
consists of the images of the elements (0, σj). We have |H| = |Hol(Cp2)| = p
3(p − 1),
hence H has a unique p-Sylow subgroup Syl(H) which is isomorphic to the only non-
abelian group of order p3 having an element of order p2 (see [8]). Now, a subgroup
H ′ of H is transitive if and only if [H ′ : StabH(0) ∩ H ′] = p2. Let H ′ be a transitive
subgroup of H . We have then p2 | |H ′| and |H ′| | p3(p − 1), hence H ′ has a unique
p-Sylow subgroup Syl(H ′) which has order p3 or p2. In the first case, Syl(H ′) = Syl(H)
contains an element of order p2. In the second case, Syl(H ′) is a subgroup of Syl(H) of
order p2. The group Syl(H) is isomorphic to the group
Gp :=
{(
1 + pm b
0 1
)
: m, b ∈ Z/p2Z
}
,
where m actually only matters modulo p. The group Gp has p
3 − p2 elements of order
p2, those with b 6≡ 0 (mod p), hence p cyclic subgroups of order p2 and p2 − 1 elements
of order p, those nontrivial with b ≡ 0 (mod p), hence one noncyclic subgroup of order
p2. Then H ′ contains an element of order p2 except in the case in which Syl(H ′) is
isomorphic to the noncyclic subgroup of order p2 of Gp. The corresponding subgroup
of Hol(Cp2) is generated by (p, Id) and (0, σ
p−1). Its intersection with StabH(0) consists
in the elements (0, σl(p−1)), 1 ≤ l ≤ p, hence this intersection has order p. We have then
that if Syl(H) is isomorphic to the noncyclic subgroup of order p2 of Gp, then p divides
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exactly [H ′ : StabH(0) ∩ H ′] and H ′ is not transitive. We have proved then that all
transitive subgroups of Hol(Cp2) contain an element of order p
2.
Let us look now at Hol(Cp × Cp). By [14], Theorem 4.4, Hol(Cp × Cp) has no
elements of order p2. Taking into account what we have proved above, this finishes the
proof of the proposition. ✷
Remark 8. Kohl proves in [14] that any Hopf Galois structure on a cyclic extension of
order pn, for p an odd prime, is of cyclic type. Childs studies in [7] these Hopf Galois
structures in the case of cyclic extensions of order p2.
We give a more precise description of the Hopf Galois structures of cyclic type on
separable field extensions of degree p2 in the next theorem.
Theorem 9. Let L/K be a separable field extension of degree p2, p an odd prime, L˜/K
its normal closure and G ≃ Gal(L˜/K). The extension L/K has a Hopf Galois structure
of cyclic type if and only if G is isomorphic to the semidirect product Cp2 ⋊ Cm, for m
a divisor of p(p− 1). The number of structures is p for m = 1 and m = p and is equal
to 1 in the remaining cases.
Proof. We have proved that all transitive subgroups of Hol(Cp2) have an element of order
p2. Reciprocally a subgroup of Hol(Cp2) having an element of order p
2 is transitive. Let
us write Hol(Cp2) = 〈1, σ〉, as above. The cyclic subgroups of order p
2 of Hol(Cp2)
are 〈(1, σj(p−1))〉, for j = 0, . . . , p − 1. We obtain then that the transitive subgroups
of Hol(Cp2) are these p groups of order p
2 and one group isomorphic to Cp2 ⋊ Cm, for
each divisor m of p(p − 1), m 6= 1, namely 〈(1, σj(p−1)), (0, σp(p−1)/m)〉. We count the
number of structures using Corollary 3. For G ≃ Cp2, the number of structures is clearly
equal to the number of transitive subgroups of Hol(Cp2) isomorphic to Cp2, hence p. For
G = 〈a, b〉, with a = (1, σj(p−1)), b = (0, σp(p−1)/m), we have G′ = 〈b〉. An automorphism
of G sending G′ to G′ must be the identity on G′. Now the image of a must be ai,
with gcd(i, p) = 1, when m 6= p, hence |Aut(G,G′)| = |Aut(N)| and the number of
structures is 1. When m = p, the image of a may be aib(p−1)j , with gcd(i, p) = 1,
and 0 ≤ j ≤ p − 1. Hence |Aut(G,G′)| = p2(p − 1) = p|Aut(N)| and the number of
structures is p. ✷
5 Extensions of degree 2p, for p an odd prime
In the next two theorems we determine the Hopf Galois structures of separable field
extensions of degree 2p, where p is an odd prime. This result was suggested by the
output of our program for degree 6 and 10 extensions. Since there are exactly two
groups of order 2p, up to isomorphism, the cyclic one and the dihedral one, we have
exactly two types of Hopf Galois structures. We deal with the cyclic type in Theorem 10
and with the dihedral type in Theorem 11. We note that the case of Galois extensions
was already obtained by Byott in [3] and by Kohl in [15].
Theorem 10. Let L/K be a separable field extension of degree 2p, p an odd prime,
L˜/K its normal closure and G ≃ Gal(L˜/K). L/K has a Hopf Galois structure of cyclic
type if and only if G is isomorphic to either
(i) the semidirect product C2p ⋊ Cm of a cyclic group of order 2p and a cyclic group
of order m dividing p− 1
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(ii) or the semidirect product Cp ⋊ Cm of a cyclic group of order p and a cyclic group
of even order m dividing p− 1.
The number of structures is 1, except in case (ii), for m = 1, when this number is
p. In this last case, G is isomorphic to the dihedral group D2p.
Proof. By theorem 2, if L/K has a Hopf Galois structure of type C2p, then G is a
transitive subgroup of Hol(C2p). We have that
Hol(C2p) ≃ C2p ⋊ Cp−1 = 〈a, b | a
2p = 1, bp−1 = 1, bab−1 = ai〉,
where i has order p− 1 modulo 2p. By ordering the elements in C2p as a, a2, · · · , a2p =
1, we obtain the embedding of Hol(C2p) in the symmetric group S2p mapping a to
(1, 2, · · · , 2p) and b to a permutation of order p−1 sending any number in {1, 2, · · · , 2p}
to one with the same parity. Let G be a transitive group of degree 2p. The order of G is
a multiple of 2p, and G contains an element of order p. Since the only subgroup of order
p of Hol(C2p) is 〈a2〉, then G contains a2. Moreover, in order to be transitive, it must
contain an element sending 2p to 1. Such elements in Hol(C2p) are exactly those of the
form ajbk, with j odd. Now 〈a2, ajbk〉 = 〈a2, abk〉 if j is odd. The transitive subgroups
of Hol(C2p) containing a are clearly 〈a, b(p−1)/m〉 ≃ C2p ⋊ Cm, where m ranges over the
positive divisors of p− 1. This gives case (i).
Let us assume now that a 6∈ G. If |G| = 2pm, then G contains exactly m elements
sending 2p to 1. Let us determine the number of elements sending 2p to 1 in Gk :=
〈a2, abk〉. Since (abk)a2(abk)−1 = a2i
k
, we have (abk)l = a1+i
k+···+i(l−1)kbkl and we obtain
that Gk contains the elements ab
kl, with l odd. If the order of bk is odd, then a ∈ Gk. If
the order n of bk is even, then Gk contains n/2 elements sending 2p to 1, namely ab
kl,
with l odd, 1 ≤ j ≤ n − 1. Moreover, the elements of order n in 〈b〉 are among the
elements bkl, with l odd, 1 ≤ j ≤ n− 1. We have then that the transitive subgroups of
Hol(C2p) not containing a are 〈a2, ab(p−1)/2m〉 ≃ Cp⋊Cm, where m ranges over the even
positive divisors of p− 1. This gives case (ii).
We determine now the number of structures by using Corollary 3. For N = C2p, we
have |Aut(N)| = p−1. We have exactly one subgroup of Hol(C2p) for each isomorphism
class of G. For the groups G = 〈a, b(p−1)/m〉, the stabilizer G′ of 2p is 〈b(p−1)/m〉. The
image of a under an automorphism of G is aj , with j coprime with 2p. Since bab−1 = ai,
we have that an automorphism of G sending G′ to G′ must send b(p−1)/m to itself.
We obtain then |Aut(G,G′)| = |Aut(N)|, hence the number of Hopf Galois structures
is 1. For the groups 〈a2, ab(p−1)/2m〉, the stabilizer G′ of 2p is 〈b(p−1)/m〉. If m = 1,
G ≃ D2p and we obtain |Aut(G,G′)| = p(p − 1), hence the number of Hopf Galois
structures is p. If m > 1, taking into account the conjugate of a2 by ab(p−1)/2m, we
obtain that an automorphism of G sending G′ to G′ must send ab(p−1)/2m to itself, hence
|Aut(G,G′)| = |Aut(N)| and the number of Hopf Galois structures is 1. ✷
Theorem 11. Let L/K be a separable field extension of degree 2p, p an odd prime,
L˜/K its normal closure and G ≃ Gal(L˜/K). The extension L/K has a Hopf Galois
structure of dihedral type if and only if G is isomorphic to either
(i) the semidirect product (Cp×Cp)⋊Cm of the direct product of two cyclic groups of
order p and a cyclic group of even order m dividing p− 1;
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(ii) or the semidirect product (Cp×Cp)⋊ (C2×Cm) of the direct product of two cyclic
groups of order p and the direct product of a cyclic group of order 2 and a cyclic
group of even order m dividing p− 1;
(iii) or the semidirect product C2p⋊Cm of a cyclic group of order 2p and a cyclic group
of order m dividing p− 1;
(iv) or the semidirect product Cp ⋊ Cm of a cyclic group of order p and a cyclic group
of even order m dividing p− 1.
The number of structures is always 2.
Proof. By theorem 2, if L/K has a Hopf Galois structure of type D2p, then G is a
transitive subgroup of Hol(D2p). Let us write D2p = 〈ρ, σ | ρ
p = 1, σ2 = 1, σρσ = ρ−1〉.
We shall see that the automorphism group of D2p is isomorphic to Hol(Cp). More
precisely, it is generated by ϕ and ψ determined by ϕ(ρ) = ρ, ϕ(σ) = σρ and ψ(ρ) =
ρi, ψ(σ) = σ, where i is a generator of (Z/pZ)∗, and satisfying ψϕψ−1 = ϕi. We obtain
then that Hol(D2p) is generated by ρ, σ, ϕ, ψ with the relations
ρp = 1, σ2 = 1, ϕp = 1, ψp−1 = 1, σρσ = ρ−1,
ψϕψ−1 = ϕi, σϕσ = ρϕ, ψρψ−1 = ρi, ρϕ = ϕρ, σψ = ψσ
and is isomorphic to (Cp × Cp) ⋊ (C2 × Cp−1). By ordering the elements in D2p as
ρ, ρ2, · · · , ρp = 1, σρ, σρ2, · · · , σρp = σ, we obtain the embedding of Hol(D2p) in the
symmetric group S2p mapping ρ to (1, 2, · · · , p)(2p, 2p − 1, · · · , p + 1), σ to (1, p +
1)(2, p + 2), · · · (p, 2p), ϕ to (p + 1, p + 2, · · · , 2p) and ψ to (1, i, i2, · · · , ip−2)(p + 1, p +
i, p+ i2, · · · , p+ ip−2), where the powers of i are computed modulo p.
If G is a transitive subgroup of Hol(D2p), then 2p divides the order |G| of G, hence G
contains an element of order p which belongs to the p-Sylow subgroup 〈ρ, ϕ〉 of Hol(D2p).
We distinguish two cases, depending on wether the p-Sylow subgroup of G has order p
or p2.
Case 1. If the p-Sylow subgroup of G has order p2, then it is 〈ρ, ϕ〉. If G is transitive,
it must contain a permutation sending p to 2p and if |G| = 2mp, then it contains m
elements sending p to 2p. The elements in Hol(D2p) sending p to 2p are those of the
form σx, with x ∈ Stab(p) = 〈ϕ, ψ〉. We determine now the order of these elements.
First the order of σ is 2. If 0 < j ≤ p − 1, we have (σϕj)n = ρjn/2ϕjn, if n is even,
and (σϕj)n = σρj(n−1)/2ϕjn, if n is odd. Hence the order of σϕj is 2p. If 0 ≤ j ≤ p− 1
and 0 < k < p − 1, we have (σϕjψk)n = ρj(
∑(n−2)/2
m=0 i
2mk)ϕj(
∑n−1
m=0 i
mk), if n is even, and
(σϕjψk)n = σρj(
∑(n−3)/2
m=0 i
(2m+1)k)ϕj(
∑n−1
m=0 i
mk), if n is odd. Hence the order of σϕjψk is
equal to the order of ψk if this order is even and equal to twice the order of ψk if this
order is odd.
We obtain then the following transitive subgroups of Hol(D2p) having a p-Sylow group
of order p2:
a) 〈ϕ, ρ, σ, ψ2(p−1)/m〉 ≃ 〈ϕ, ρ, σψ(p−1)/2, ψ2(p−1)/m〉 ≃ (Cp × Cp) ⋊ Cm, for m a divisor
of p− 1, exactly divisible by 2.
b) 〈ϕ, ρ, σψ(p−1)/m〉 ≃ (Cp × Cp)⋊ Cm, for m a divisor of p− 1, divisible by 4.
c) 〈ϕ, ρ, σ, ψ(p−1)/m〉 ≃ (Cp × Cp)⋊ (C2 × Cm), for m an even divisor of p− 1.
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The groups of types a) and b) correspond to (i) in the statement and those of type c)
correspond to (ii). We determine now the number of structures by using Corollary 3.
For N = D2p, we have |Aut(N)| = p(p − 1). The stabilizer G′ of p is 〈ϕ, ψk〉, where
k = 2(p−1)/m in cases a) and b) and k = (p−1)/m in case c). We determine now the
automorphisms of G sending G′ to G′. Let h be such an automorphism. The image
of ϕ under h must be ϕj1, with 1 ≤ j1 ≤ p − 1 and, taking into account the action
of ψ on ϕ, h must send ψk to ϕj2ψk, with 0 ≤ j2 ≤ p − 1. The image of ρ under h
must belong to 〈ρ, ϕ〉 and, since σ has order 2 and commutes with ψ, the image of σ
under h must be an order 2 element in 〈σ, ψ〉, hence σ, or σψ(p−1)/2, in case ψ(p−1)/2
belongs to G, i.e. for cases b) and c). Taking into account the action of σ on ϕ and
ρ, we obtain that the elements in Aut(G,G′) are of one of the following forms, with
1 ≤ j1 ≤ p− 1, 0 ≤ j2 ≤ p− 1 and the second form not occurring in case a).
ϕ 7→ ϕj1
ψ 7→ ϕj2ψ
ρ 7→ ρj1
σ 7→ σ
ϕ 7→ ϕj1
ψ 7→ ϕj2ψ
ρ 7→ ρ−j1ϕ−2j1
σ 7→ σψ(p−1)/2
We obtain then |Aut(G,G′)| = |Aut(N)| in case a) and |Aut(G,G′)| = 2|Aut(N)| in
cases b) and c). Hence in all three cases, the number of Hopf Galois structures is 2.
Case 2. We consider now the case when the p-Sylow subgroup of G has order p. The
subgroups of order p of Hol(D2p) are 〈ρϕj〉, with 0 ≤ j ≤ p − 1, and 〈ϕ〉. To be
transitive, G must contain an element sending p to 2p, hence an element in σ〈ϕ, ψ〉.
Since the normalizers in Hol(D2p) of 〈ρϕj〉, if j 6∈ {0, 2}, and the one of 〈ϕ〉 reduce to
〈ρ, ϕ, ψ〉, the p-Sylow subgroup of G is 〈x〉, where x = ρ or x = ρϕ2. If G ≃ D2p, G
must contain an element y of order 2 satisfying yxy = x−1 and sending p to 2p. We
obtain then the groups 〈ρ, σ〉 ≃ 〈ρϕ2, σψ(p−1)/2〉 ≃ D2p. If G ≃ C2p, G must contain
an element y of order 2 sending p to some element in {p+ 1, · · · , 2p} and commuting
with x. We have y = σψ(p−1)/2(ρϕ2)j , for x = ρ and y = σρk for x = ρϕ2. We obtain
then the groups 〈σψ(p−1)/2ρj+1ϕ2j〉 ≃ 〈σρkϕ〉 ≃ C2p, 0 ≤ j ≤ p− 1, 0 ≤ k ≤ p− 1. If a
subgroup of Hol(D2p) contains one of these copies of C2p, then it is transitive.
By computation, we obtain that the only subgroups of Hol(D2p) strictly containing
〈σψ(p−1)/2ρj+1ϕ2j〉 and having a p-Sylow subgroup of order p are 〈σψ(p−1)/2ρj+1ϕ2j,
ϕj(−i
l+1)/2ψl〉, where l = (p−1)/d, for some divisor d of p−1. Moreover 〈σψ(p−1)/2ρj+1ϕ2j〉
is normal in such a group and the order of 〈σψ(p−1)/2ρj+1ϕ2j , ϕj(−i
l+1)/2ψl〉 is 2pd.
Analogously, the only subgroups of Hol(D2p) strictly containing 〈σρkϕ〉 and having a
p-Sylow subgroup of order p are 〈σρkϕ, ϕ(i
l
−1)((p+1)/2−k)ψl〉, where l = (p − 1)/d, for
some divisor d of p− 1. Moreover 〈σρkϕ〉 is normal in such a group and the order of
〈σρkϕ, ϕ(i
l
−1)((p+1)/2−k)ψl〉 is 2pd. We have then 2p transitive subgroups of Hol(D2p)
isomorphic to the semidirect product C2p ⋊ Cd, for each divisor d of p− 1. This gives
case (iii) in the statement.
Finally, if G has no element of order 2p, it still must contain an element sending
p to 2p. Such elements in Hol(D2p) are of the form σϕ
kψl. The order of σϕkψl is
equal to the order of ψl (resp. twice the order of ψl) if this order is even (resp.
odd). Taking into account that σψ(p−1)/2 commutes with ρ, we obtain the groups
〈ρ, σψ(p−1)/d〉 ≃ Cp ⋊ Cd, for d a divisor of p − 1, such that d is divisible by 4, and
the groups 〈ρ, σψ2(p−1)/d〉 ≃ Cp ⋊ Cd, for d a divisor of p − 1, such that d is exactly
9
divisible by 2. Taking into account that σ commutes with ρϕ2, we obtain the groups
〈ρ, σψ(p−1)/d〉 ≃ Cp ⋊ Cd, for d an even divisor of p − 1. We have then 2p transitive
subgroups of Hol(D2p) isomorphic to the semidirect product Cp ⋊ Cd, for each even
divisor d of p− 1. This gives case (iv) in the statement.
We determine now the number of structures by using Corollary 3. Taking into account
that |Aut(N)| = |Aut(D2p)| = p(p− 1), and |Aut(C2p)| = |Aut(Cp)| = p− 1 and that
for all groups G described above, an automorphism sending G′ to G′ must restrict on
G′ to the identity, we obtain that the number of structures is always 2. ✷
Remark 12. We note that all integer numbers g with 2 ≤ g ≤ 11, except g = 8, are of
one of the forms p, p2 or 2p, with p prime. The prime case has been considered in [5] and
[16]. The results obtained by our program have allowed us to intuit the classification
of separable extensions of degree 2p or p2 with respect to their Hopf Galois character.
Since 8 is of none of these forms, the case g = 8 is specially interesting and besides it
presents a high richness of results.
6 Example
In this section we perform explicitly the bijection from the set of regular subgroups of
the symmetric group Sg normalized by λ(G) to the set of isomorphism classes of Hopf
Galois structures given by Theorem 1 for a particular example. As stated above, degree
8 extensions exhibit a high richness of results. We shall examine the case presenting
the biggest Hopf algebra isomorphism class. We consider a Galois extension L/K with
Galois group G = C2 × C2 × C2. As given in table 3, it has 42 Hopf Galois structures
of type D2·4 partitioned in 7 Hopf algebra isomorphism classes of 6 elements each. We
will examine in detail one of these classes and determine the corresponding Hopf algebra
and Hopf actions. We may write L = K(α, β, γ), with α2, β2, γ2 ∈ K and G is then
generated by the automorphisms a, b, c given by
a : α 7→ −α
β 7→ β
γ 7→ γ
,
b : α 7→ α
β 7→ −β
γ 7→ γ
,
c : α 7→ α
β 7→ β
γ 7→ −γ
.
The group C2×C2×C2 ≃ 8T3 is given in Magma as the subgroup of the symmetric group
generated by (1, 8)(2, 3)(4, 5)(6, 7), (1, 3)(2, 8)(4, 6)(5, 7), (1, 5)(2, 6)(3, 7)(4, 8). If we or-
der the elements in G as Id, ab, b, ac, c, abc, bc, a, we have λ(a) = (1, 8)(2, 3)(4, 5)(6, 7),
λ(b) = (1, 3)(2, 8)(4, 6)(5, 7), λ(c) = (1, 5)(2, 6)(3, 7)(4, 8) and we shall identify G with
its image by λ. The following regular subgroups of S8 are isomorphic to D2·4, normalized
by G and mutually G-isomorphic.
N1 = 〈s1 = (1, 8)(2, 3)(4, 5)(6, 7), r1 = (1, 6, 5, 2), (3, 4, 7, 8)〉,
N2 = 〈s2 = (1, 8)(2, 3)(4, 5)(6, 7), r2 = (1, 4, 7, 2), (3, 6, 5, 8)〉,
N3 = 〈s3 = (1, 6)(2, 5)(3, 4)(7, 8), r3 = (1, 4, 5, 8), (2, 3, 6, 7)〉,
N4 = 〈s4 = (1, 2)(3, 8)(4, 7)(5, 6), r4 = (1, 4, 3, 6), (2, 5, 8, 7)〉,
N5 = 〈s5 = (1, 6)(2, 5)(3, 4)(7, 8), r5 = (1, 2, 3, 8), (4, 5, 6, 7)〉,
N6 = 〈s6 = (1, 4)(2, 7)(3, 6)(5, 8), r6 = (1, 6, 7, 8), (2, 3, 4, 5)〉.
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We check that aria = r
3
i , brib = ri, cric = ri, asia = si, bsib = si, csic = si, 1 ≤ i ≤ 6,
hence Ni is normalized by G, for 1 ≤ i ≤ 6 and si 7→ sj, ri 7→ rj defines a G-isomorphism
from Ni to Nj, 1 ≤ i, j ≤ 6.
By computation, we obtain that the Hopf algebra corresponding to Ni is the K-Hopf
algebra with basis 1, ri+ r
3
i , r
2
i , α(ri− r
3
i ), si, siri+ sir
3
i , sir
2
i , α(siri− sir
3
i ) and the Hopf
actions are given by
r1 7→ ab, r21 7→ c, r
3
1 7→ abc, s1 7→ a, s1r1 7→ bc, s1r
2
1 7→ ac, s1r
3
1 7→ b
r2 7→ ab, r22 7→ bc, r
3
2 7→ ac, s2 7→ a, s2r2 7→ c, s2r
2
2 7→ abc, s2r
3
2 7→ b
r3 7→ a, r23 7→ c, r
3
3 7→ ac, s3 7→ abc, s3r3 7→ b, s3r
2
3 7→ ab, s3r
3
3 7→ bc
r4 7→ abc, r24 7→ b, r
3
4 7→ ac, s4 7→ ab, s4r4 7→ bc, s4r
2
4 7→ a, s4r
3
4 7→ c
r5 7→ ab, r25 7→ b, r
3
5 7→ a, s5 7→ abc, s5r5 7→ c, s5r
2
5 7→ ac, s5r
3
5 7→ bc
r6 7→ abc, r26 7→ bc, r
3
6 7→ a, s6 7→ ac, s6r6 7→ b, s6r
2
6 7→ ab, s6r
3
6 7→ c
A different explicit example can be found in [17], Example 5.3.1.
7 Program output
We present the results obtained for separable field extensions of degree 8 in Tables 1,
2 and 3 in the appendix. We denote by kT i the ith transitive group of degree k called
by TransitiveGroup(k, i) in the Magma program. In Tables 1 and 3, for each regular
subgroup of S8 (i.e. for i = 1, . . . , 5), we give the name of the abstract group of order
8 isomorphic to it. For the names of some of the remaining groups, the reader may
consult Table 8A in [1]. In Tables 1 and 2, for each transitive group G of degree 8
and each group N of order 8, we give the total number T of Hopf Galois structures of
type N for a separable field extension L/K of degree 8 such that the Galois group of
the normal closure L˜ over K is isomorphic to G. Moreover, we give the number a-c of
those which are almost classically Galois, the number BC of those for which the Galois
correspondence is bijective and the number G-i of Hopf algebra isomorphism classes
in which the Hopf Galois structures are partitioned. In particular the difference BC
minus a-c gives the number of non almost classically Galois Hopf Galois structures for
which the Galois correspondence is bijective. The transitive groups G such that the
corresponding field extension L/K has no Hopf Galois structure are not included in the
table.
We note that the field extension with smallest degree having a non almost classically
Galois Hopf Galois structure with bijective Galois correspondence is a Galois extension
of degree 4 with Galois group C4 and Hopf Galois structure of type C2 × C2. The non-
Galois extension with smallest degree having this property is a separable extension of
degree 6 whose Galois closure has group 6T5 and the Hopf Galois structure is of type S3.
The field extension with smallest degree having non-isomorphic Hopf Galois structures
with isomorphic Hopf algebras is a Galois extension of degree 6 with Galois group the
symmetric group S3 for which the three Hopf Galois structures of cyclic type C6 have
underlying isomorphic Hopf algebras.
In table 3 we give the distribution of Hopf Galois structures in Hopf algebra isomor-
phism classes for transitive groups of degree 8 having some class with more that one ele-
ment. For example, in the cell corresponding toG = N = C4×C2, 10 = 5×1+1×2+1×3
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means that for a Galois extension with Galois group C4 × C2 there are 10 Hopf Galois
structures of type C4×C2 which are distributed in 5 classes with 1 element, 1 class with
2 elements and 1 class with 3 elements.
Table 4 is a compendium of the computation results. In it we give for every degree
g the total number of transitive groups of degree g and the number Max of transi-
tive groups of degree g whose order does not exceed the order of the holomorphs of
all the groups of order g; the number of possible types of Hopf Galois structures; the
total number of Hopf Galois structures and the number of the almost classically Galois
ones; the number of Hopf Galois structures with bijective Galois correspondence and
the number of those which are not almost classically Galois; the number of Hopf al-
gebra isomorphism classes in which the Hopf Galois structures are partitioned (which
correspond to G-isomorphism classes of the corresponding regular groups N) and the
number of those for Galois extensions (i.e. when G′ = Gal(L˜/L) is trivial); and finally
the execution times in seconds and the memory used in megabytes. We note that the
presented program is very efficient up to degree 11. One may observe in particular that
the computation for degree 8, which gives a large number of Hopf Galois structures,
takes only about 17 seconds. The memory used reaches 160 megabytes for degree 11.
The reader may find in [12] for each degree g up to 11, the output of the program
containing in particular, the precise description of the regular subgroups N of Sg corre-
sponding to the Hopf Galois structures as well as tables summarizing these results.
8 Conclusions
The elaboration of the program presented allows to determine all Hopf Galois structures
of separable field extensions of a given degree up to degree 11. Such a determination
has been obtained by theoretic tools only for prime degree extensions. Besides, a careful
inspection of the data provided by the program has led us to obtain several theoretic
results. In proposition 7 we prove a partial result concerning Hopf Galois structures of
separable field extensions of degree p2, for p an odd prime, and describe in theorem 9
those of cyclic type. This result came up from the output of the program for degree 9
extensions. In theorems 10 and 11 we determine Hopf Galois structures of separable field
extensions of degree 2p, for p an odd prime. This result was suggested by the output
for degree 6 and 10 extensions. The results obtained by the program have given us the
intuition about the general behaviour for the infinite families of extensions discussed in
the theorems. We specially highlight the richness of results obtained in the degree 8
case.
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Appendix - Tables
Table 1: Degree 8 extensions
Hopf Galois structures
Galois Type C8 Type C4 × C2 Type C2 × C2 × C2 Type D2·4 Type Q8
group T a-c BC G-i T a-c BC G-i T a-c BC G-i T a-c BC G-i T a-c BC G-i
8T1 ≃ C8 2 1 2 2 0 - - - 0 - - - 2 0 2 2 2 0 2 2
8T2 ≃ C4 × C2 4 0 0 2 10 1 1 7 4 0 1 4 6 0 2 5 2 0 0 2
8T3 ≃ (C2)3 0 - - - 42 0 0 28 8 1 1 8 42 0 0 7 14 0 0 7
8T4 ≃ D2·4 2 0 0 1 14 0 0 9 6 0 0 4 6 1 1 4 2 0 0 2
8T5 ≃ Q8 6 0 0 3 6 0 6 3 2 0 2 1 6 0 6 6 2 1 2 2
8T6 2 1 2 2 0 - - - 0 - - - 2 1 2 2 2 0 2 2
8T7 2 2 2 2 0 - - - 0 - - - 2 0 2 2 2 0 2 2
8T8 2 1 2 2 0 - - - 0 - - - 2 0 2 2 2 1 2 2
8T9 0 - - - 10 1 1 9 4 1 1 4 6 2 2 5 2 0 0 2
8T10 0 - - - 6 2 3 6 4 0 1 4 0 - - - 0 - - -
8T11 2 0 0 1 6 2 6 5 2 0 2 2 6 1 6 6 2 1 2 2
8T12 0 - - - 0 - - - 2 0 2 1 0 - - - 2 1 2 2
8T13 0 - - - 0 - - - 2 1 1 2 0 - - - 2 0 0 1
8T14 0 - - - 0 - - - 4 0 1 3 0 - - - 0 - - -
8T15 2 2 2 2 0 - - - 0 - - - 2 1 2 2 2 1 2 2
8T16 0 - - - 0 - - - 0 - - - 2 0 2 2 2 0 2 2
8T17 0 - - - 0 - - - 0 - - - 2 1 2 2 2 1 2 2
8T18 0 - - - 6 3 3 6 4 1 1 4 0 - - - 0 - - -
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Table 2: Degree 8 extensions (cont.)
Hopf Galois structures
Galois Type C8 Type C4 × C2 Type C2 × C2 × C2 Type D2·4 Type Q8
group T a-c BC G-i T a-c BC G-i T a-c BC G-i T a-c BC G-i T a-c BC G-i
8T19 0 - - - 2 1 2 2 2 1 2 2 0 - - - 0 - - -
8T20 0 - - - 2 0 2 2 2 0 2 2 0 - - - 0 - - -
8T22 0 - - - 6 6 6 6 2 2 2 2 6 6 6 6 2 2 2 2
8T23 0 - - - 0 - - - 0 - - - 0 - - - 2 1 2 2
8T24 0 - - - 0 - - - 2 1 1 2 0 - - - 0 - - -
8T25 0 - - - 0 - - - 1 1 1 1 0 - - - 0 - - -
8T26 0 - - - 0 - - - 0 - - - 2 2 2 2 2 2 2 2
8T29 0 - - - 2 2 2 2 2 2 2 2 0 - - - 0 - - -
8T32 0 - - - 0 - - - 2 2 2 2 0 - - - 2 2 2 2
8T33 0 - - - 0 - - - 1 1 1 1 0 - - - 0 - - -
8T34 0 - - - 0 - - - 3 0 3 3 0 - - - 0 - - -
8T36 0 - - - 0 - - - 1 1 1 1 0 - - - 0 - - -
8T37 0 - - - 0 - - - 2 0 2 2 0 - - - 0 - - -
8T39 0 - - - 0 - - - 2 2 2 2 0 - - - 0 - - -
8T40 0 - - - 0 - - - 0 - - - 0 - - - 2 2 2 2
8T41 0 - - - 0 - - - 1 1 1 1 0 - - - 0 - - -
8T48 0 - - - 0 - - - 1 1 1 1 0 - - - 0 - - -
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Table 3: Hopf algebra isomorphism classes for degree 8 extensions
Isomorphism classes
Galois group Type C8 Type C4 × C2 Type C2 × C2 × C2 Type D2·4 Type Q8
8T2 ≃ C4 × C2 4 = 2× 2 10 = 5× 1 + 1× 2 + 1× 3 4 = 4× 1 6 = 4× 1 + 1× 2 2 = 2× 1
8T3 ≃ (C2)3 0 42 = 21× 1 + 7× 3 8 = 8× 1 42 = 7× 6 14 = 7× 2
8T4 ≃ D2·4 2 = 1× 2 14 = 4× 1 + 5× 2 6 = 2× 1 + 2× 2 6 = 3× 1 + 1× 3 2 = 2× 1
8T5 ≃ Q8 6 = 3× 2 6 = 3× 2 2 = 1× 2 6 = 6× 1 2 = 2× 1
8T9 0 10 = 8× 1 + 1× 2 4 = 4× 1 6 = 4× 1 + 1× 2 2 = 2× 1
8T11 2 = 1× 2 6 = 4× 1 + 1× 2 2 = 2× 1 6 = 6× 1 2 = 2× 1
8T12 0 0 2 = 1× 2 0 2 = 2× 1
8T13 0 0 2 = 2× 1 0 2 = 1× 2
8T14 0 0 4 = 2× 1 + 1× 2 0 0
Table 4: Summary of results
Degree Transitive Groups Types HG struct. BC G-iso Execution time Memory used
Total Max Total a-c Total not a-c Total Galois (s) (MB)
2 1 1 1 1 1 1 0 1 1 ≈ 1 ≈ 10
3 2 2 1 2 2 2 0 2 1 ≈ 1 ≈ 10
4 5 5 2 10 6 7 1 10 6 ≈ 1 ≈ 11
5 5 3 1 3 3 3 0 3 1 ≈ 1 ≈ 11
6 16 10 2 15 7 9 2 13 6 ≈ 2 ≈ 11
7 7 4 1 4 4 4 0 4 1 ≈ 1 ≈ 11
8 50 48 5 348 74 147 73 262 111 ≈ 17 ≈ 40
9 34 26 2 38 26 28 2 33 8 ≈ 10 ≈ 16
10 45 21 2 27 11 17 6 23 6 ≈ 160 ≈ 45
11 8 4 1 4 4 4 0 4 1 ≈ 90 ≈ 160
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